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Matrix Math

* Why do we use matrix?
— More convenient organization of data.
— More efficient processing

— Enable the combination of various
concatenations

e Matrix addition and subtraction
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Matrix Math

« Matrix Multiplication
— Dot product

a b| [ ¢ f|_|ae+bg af+bh
C d |9 h ce+dg cf+d.h



Matrix Math

e \What about this?
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* Type of matrix
2 b m

Row-vector Column-vector




Matrix Math

* |s there a difference between possible
representations?

Nt

[e f]OZl g=[ae+cf be+df]

[e f]° a §=[ae+bf ce+df]



Matrix Math

» The column-vector representation for a point.
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Rotation

« Example

— Find the transformed point, P’, caused by
rotating P= (5, 1) about the origin through an
angle of 90°.

cosg —sind| | x X-C0s@—y-sind
( } =
sind cosé y X-sin@+y-cosé
[ 5:c0s90—1-sin 90}

1 5-5in90+1-cos90

[5-0-11
[5-1+1-0
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Composite Transformation

» We can represent any seqguence of transformations
as a single matrix.

— Composite transformations — matrix ¢ matrix.

« Composite transformations:

— Rotate about an arbitrary point — translate, rotate,
translate

— Scale about an arbitrary point — translate, scale,
translate

— Change coordinate systems — translate, rotate, scale

» Does the order of operations matter?



Composition Properties

* |s matrix multiplication associative?
?
— (A.B).C = A.(B.C)

a bl e f} {i j}__aeerg af+bh}{i j}
(L d} L; hj k 1| |ce+dg cf +dn]| |k |
_ | aei +bgi + afk +bhk aej+bgj+af|+bhl}
| cei+dgi+cfk+dnhk  cej+dgj+cfl+dhl

o ablls able MG kR S

_ | aei +afk +bgi +bhk aej+af|+bgj+bhl}
| cei+cfk +dgi+dhk cej+cfl +dgj+dhl




Composition Properties

* |s matrix multiplication commutative?
—~-A.B=B.A

a b| |e f] [ae+bg af +bh]
d| |g h] |ce+dg cf+dh

a b| [ea+fc eb+fd ]
g h]|c d| |gathc gb+hd




Order of operations

So, 1t does matter. Let’s look at an example:

1. Translate 1. Rotate
2. Rotate 2. Translate
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Composite Transformation Matrix

« Arrange the transformation matrices in order from right to left.
« General Pivot- Point Rotation
« Operation :-
1. Translate (pivot point is moved to origin)
2. Rotate about origin

3. Translate (pivot point is returned to original position)
T(pivot) « R(0) « T(—pivot)

1 0 1t cosO
O 1 ty ||sind
0 0 1 J« 0

-sin@ 0 1 0 -k
cosd 0 0 1 -t
0 110 0 1

21

(1 0 & cosO -Sin@ -ty COSO+ tysind
0 1 sin@  cos®  -txsind - ty coso
KO o 1 ). 0 0 1 <
/cose -sin® -ty cosO+ ty Sind + tx
Sin@  cos®  -txsind - tycosoO + ty
0 0 1




Composite Transformation Matrix

« Example
— Perform 60° rotation of a point P(2, 5) about a
pivot point (1,2). Find P’?

Cos® -sind -ty COSO+ tySind + tx X Sin 60 = 0.8660
sind  cos® -txsind -tycosd +t, | . 31’

Cos 60=1/2

0 0 1

05 -0.866 -1.0.5+2.0.866 +1 2
0.866 0.5 -1.0.866-2.0.5 +2 . o

0 0 1 1

0.5 -0.866 2.23 2 -1.098
0.866 0.5 0134+ | 5 4366 P =(-1, 4)
0 0 1 1 1



Composite Transformation Matrix

General Fixed-Point Scaling

Operation :-
1. Translate (fixed point is moved to origin)
2. Scale with respect to origin

3. Translate (fixed point is returned to original position)
T(fixed) » S(scale) » T(-fixed)

Find the matrix that represents scaling of an
object with respect to any fixed point?

Given P(6, 8) , Sx = 2, Sy = 3 and fixed point
(2, 2). Use that matrix to find P’?




1 0 t)(Sx 0
0 1 1t 0 Sy
0 0 1 [.lo o
1 0 ty Sx 0
0 1 t 0 Sy
o 0 1|.] 0 O

-ty SX
-ty Sy

Answer

1
0
0

X=6,y=8,Sx=2,Sy=3,x=2,1y=2

2 0 -2(2)+2
0 3 -2(3)+2
0 0 1

6
8
1

10
20

'tX

'ty
1
SX 0 -txSX+tk
-1 0 Sy -tySy+ty
0 O 1
~




Composite Transformation Matrix

General Scaling Direction

Operation :-
1. Rotate (scaling direction align with the coordinate axes)
2. Scale with respect to origin

3. Rotate (scaling direction is returned to original position)

R(-0) « S(scale) « R(0)

Find the composite transformation matrix
by yourself !!




Other transformations

Reflection:

X}axIs y-hxis

1 0 O
0 -10
0 0 1

-1 0 0
0 10
0 01




Other transformations

Reflection:

0 -1 0
0 0 1

origin r 0 0}




Other transformations

Shear:
. » X-direction ~_y-flirection
b i B3 “
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Another Example.
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